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J. D. HILL (3.11) we deal with a conjecture of Erdos and prove incidentally that in general the Borel property does not depend on the rate at which Σ^= 1 α/^fc approaches zero.
At the present time it appears unlikely that the Borel property can be characterized in any reasonably simple manner, at least if no restrictions are imposed on the matrix (α Λί^) at the outset. This aspect of the problem remains to be considered.
2. Necessary conditions. We shall establish the following result. For such a value of y we have y = 0.00 OCί/^ Cί^+ 2 (A; + 1 zeros ) and y + 2" /t = 0.00 0l0C£ + 1 CC&+2 * * U zeros). Consequently, ί π (y + 2~k ) -t n (y)
Ihe proof of the necessity of (2.5) is more involved. Since (2.3) implies the convergence almost everywhere in T) of the series Σ^°= 1 α^^/x^ (y) for each n 9 it follows from Egoroff's theorem that there exists for each n a subset I n of ^ of measure I n \ > ] -2~n~ι 9 and an index φ^in), increasing to infinity with n 9 such that 00 (2.7) Σ a nιί < -for all m > Φi(n) and all y £ I n n Setting / -S), we have and using δ£ to denote the complement of E with respect to lε/| < Σ 1
<-
Consequently we have / | > 1/2, and (2.7) holds in /. We need also the fact that (2.3) insures for each n the existence of an index φ(n) > φ\ (n) for which (2.8)
Now it follows from (2.2), (2.3), and (2.6) that T will have the lΐorel property if and only if τ n {y) = Σ/ C = 1 α π k'^k^j} approaches zero almost everywhere in ψ, as n -> °°. Writing τ n (y) in the form
Φ(n)
Σ «n t kRk{y) + Σ «n,k and using (2.7), we see that T C (BP) implies the approach to zero almost everywhere in / of
Let E be a subset of / with \E\ > 0 on which σ n (y) approaches zero uniformly, and let
We can now follow an argument due to Kolmogoroff (for the details see [6, pp.127-128] or [4] ) and arrive at the inequality
for a certain fixed μ and all n sufficiently large. From (2.4) it follows that
tends to zero uniformly in E together with cr n (y). Then (2.9) yields
as n -> °°. Finally from (2.4) and (2.8) we conclude that μ-l φ(n) n = Σ a n,k + Σ α rU + Σ a n,k =θ(l)
as n oc . This completes the proof of Theorem (2.1).
It will be noticed incidentally that conditions (2.2) 3. Sufficient conditions. We first raise the obvious question of whether the conditions (2.2) and (2.5), which imply (2.3) and (2.4), are sufficient in order that T C (BP). Before showing that the answer is in the negative, even with the addition of (2.10), we make a few preliminary remarks. Using the notations of §2, and appealing to the Riesz-Fisher theorem, we are led at once to the Parseval relation /</ τ£ (y)dy -A n . The condition A n -> 0 is therefore equivalent to the convergence of \τ n \ to zero in the space L 2 , and this assures the existence of property; this fact was obtained in [5] with the aid of (2.10). We proceed now to the construction of an example which shows that in the absence of further conditions nothing more can be said.
We need the following result due to Borel [3, . The form stated here is less general than the original, in that the groups of consecutive Cί's are not permitted to overlap, but it is sufficient for our purposes. are sufficient [5] .
Proof. The proof of this theorem given in [5] remains valid under the present weaker conditions. A new criterion involving, as we show later, a condition considerably weaker than (3.4) is contained in the following theorem. Proof of (3.5). Proceeding as we did in proving the necessity of (2.5), we first determine an index φ(n), approaching infinity with n, and a set / of positive measure such that As a partial consequence of Theorem (3.5) we are able to decide a conjecture of Erdos(made in a letter to the author) to the effect that (2.2) and A n log n -o(l)
are necessary and sufficient in order that T £ {BP) (3.11) THEOREM. In order that Γ have the Borel property, the conditions (2.2) and (3.12) A n log n =o(l) (n -* co) , are sufficient; but neither (3.12) rcor (3.6) is necessary.
Proof To prove the sufficiency it is enough to show that (3.12) implies (3.6). For this purpose, let δ > 0 be given and fix € > 0 so that S 2 /2e > 1. By (3.12)
there exists an index n 0 such that A n < e/(log n) for all n > n 0 . Then for n > n 0 with S 2 /2e > 1, and (3.6) follows.
To complete the proof we show somewhat more, namely, that no condition of the form A n φ(n) = o(l), with φ{n) -> °°, is necessary. Consequently the Borel property can not be characterized in terms of the rate at which A n approaches zero.
, and x n -> 1. Since the Abel method has the Borel property [5] , the same is true of the "discrete" Abel method defined by the matrix
For this matrix we find that
where θ(n) may tend to zero in any preassigned manner. Thus, for example, if log log(n + 2) θ(n) = log(n + 2)
we have A n log n -> °°. Finally, if we take θ(n) as I/log log (n + p), for p sufficiently large, the series in (3.6) diverges for every 8 > 0.
We now wish to show, as mentioned earlier, that condition (3.4) of Theorem (3.3) implies condition (3.6) of Theorem (3.5), but not conversely. If Hence for every q > 0 the series in (3.4) diverges, but A n log n -o(l), so that (3.6) holds by the proof of Theorem (3.11).
As a simple application of Theorem (3.11), we call attention to the existence of a regular method having the Borel property and which is weaker than (C, Gί) for every 0C > 0. It suffices to consider the harmonic method ί\ n of regular Norlund means defined by o-n.k = l/(n -fc + 1) log(n + l) for k = 1,2, , n; n = 1, 2, 3, It is known [β] that Nh C (C, Ct) for all Cί > 0, and we have here again A n = π 2 /β log 2 n .
